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HIGHER-ORDER CHANGHEE NUMBERS AND POLYNOMIALS
DAE SAN KIM AND TAEKYUN KIM
Abstract. In this paper, we consider the higher-order Changhee numbers and
polynomials which are derived from the fermionic p-adic integral on Zp and
give some relations between higher-order Changhee polynomials and special
polynomials.
1. Introduction
As is well known, the Euler polynomials of order α(∈ N) are defined by the
generating function to be(
2
et + 1
)α
ext =
∞∑
n=0
E(α)n (x)
tn
n!
, (see [1-16]). (1.1)
When x = 0, E
(α)
n = E
(α)
n (0) are called the Euler numbers of order α.
The Stirling number of the first kind is defined by
(x)n =
n∑
l=0
S1(n, l)x
l, (n ∈ Z≥0), (see [5,6,7]), (1.2)
where (x)n = x(x− 1) · · · (x− n+ 1).
The Stirling number of the second kind is also defined by the generating function
to be
(et − 1)n = n!
∞∑
l=n
S2(l, n)
tl
l!
, (n ∈ Z≥0). (1.3)
Let p be an odd prime number. Throughout this paper, Zp, Qp and Cp will
denote the ring of p-adic integers, the field of p-adic numbers and the completion
of algebraic closure of Qp. The p-adic norm | · |p is normalized as |p|p =
1
p
. Let
C(Zp) be the space of continuous functions on Zp. For f ∈ C(Zp), the fermionic
p-adic integral on Zp is defined by Kim to be
I−1(f) =
∫
Zp
f(x)dµ−1(x) = lim
N→∞
pN−1∑
x=0
f(x)(−1)x, (see [9]). (1.4)
For f1(x) = f(x+ 1), we have
I−1(f1) + I−1(f) = 2f(0). (1.5)
As is well-known, the Changhee polynomials are defined by the generating func-
tion to be
1
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2
t+ 2
(1 + t)x =
∞∑
n=0
Chn(x)
tn
n!
, (see [6,8]).
When x = 0, Chn = Chn(0) are called the Changhee numbers. In this paper,
we consider the higher-order Changhee numbers and polynomials which are de-
rived from the multivariate fermionic p-adic integral on Zp and give some relations
between higher-order Changhee polynomials and special polynomials.
2. Higher-order Changhee polynomials
For k ∈ N, let us define the Changhee numbers of the first kind with order k as
follows:
Ch(k)n =
∫
Zp
· · ·
∫
Zp
(x1 + · · ·+ xk)ndµ−1(x1) . . . dµ−1(xk), (2.1)
where n is a nonnegative integer.
From (2.1), we can derive the generating function of Ch
(k)
n as follows:
∞∑
n=0
Ch(k)n
tn
n!
=
∫
Zp
· · ·
∫
Zp
∞∑
n=0
(
x1 + · · ·+ xk
n
)
tndµ−1(x1) . . . dµ−1(xk)
=
∫
Zp
· · ·
∫
Zp
(1 + t)x1+···+xkdµ−1(x1) . . . dµ−1(xk).
(2.2)
By (1.5), we easily see that
∫
Zp
· · ·
∫
Zp
(1 + t)x1+···+xkdµ−1(x1) . . . dµ−1(xk) =
(
2
2 + t
)k
. (2.3)
From (2.2) and (2.3), we have
∞∑
n=0
Ch(k)n
tn
n!
=
(
2
2 + t
)k
. (2.4)
It is easy to show that
(
2
2 + t
)k
=
∞∑
n=0
( ∑
l1+···+lk=n
(
n
l1, · · · , lk
)
Chl1 · · ·Chlk
)
tn
n!
. (2.5)
Thus, by (2.4) and (2.5), we get
Ch(k)n =
∑
l1+···+lk=n
(
n
l1, · · · , lk
)
Chl1 · · ·Chlk . (2.6)
It is not difficult to show that
(
2
2 + t
)k
=
∞∑
n=0
(
−
1
2
)n
n!
(
k + n− 1
n
)
tn
n!
. (2.7)
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From (2.4) and (2.7), we have
2nCh(k)n = (−1)
nn!
(
n+ k − 1
n
)
= (−1)n(k + n− 1)n
= (−1)n
n∑
l=0
S1(n, l)(k + n− 1)
l.
(2.8)
Therefore, by (2.8), we obtain the following theorem.
Theorem 2.1. For n ≥ 0, we have
Ch(k)n =
(
−
1
2
)n n∑
l=0
S1(n, l)(k + n− 1)
l.
By (2.1), we get
Ch(k)n =
∫
Zp
· · ·
∫
Zp
(x1 + · · ·+ xk)ndµ−1(x1) . . . dµ−1(xk)
=
n∑
l=0
S1(n, l)
∫
Zp
· · ·
∫
Zp
(x1 + · · ·+ xk)
ldµ−1(x1) . . . dµ−1(xk).
(2.9)
Now, we observe that
∫
Zp
· · ·
∫
Zp
e(x1+···xk)tdµ−1(x1) . . . dµ−1(xk) =
(
2
et + 1
)k
=
∞∑
n=0
E(k)n
tn
n!
. (2.10)
By (2.9) and (2.10), we get
Ch(k)n =
n∑
l=0
S1(n, l)E
(k)
l . (2.11)
Therefore, by (2.2), we obtain the following theorem.
Theorem 2.2. For n ≥ 0, we have
Ch(k)n =
n∑
l=0
S1(n, l)E
(k)
l .
Replacing t by et − 1 in (2.4), we get
∞∑
n=0
Ch(k)n
(et − 1)n
n!
=
(
2
et + 1
)k
=
∞∑
m=0
E(k)m
tm
m!
, (2.12)
and
∞∑
n=0
Ch(k)n
(et − 1)n
n!
=
∞∑
m=0
(
m∑
n=0
Ch(k)n S2(m,n)
)
tm
m!
. (2.13)
Therefore, by (2.12) and (2.13), we obtain the following theorem.
Theorem 2.3. For n ≥ 0, we have
E(k)m =
m∑
n=0
Ch(k)n S2(m,n).
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Now, we consider the higher-order Changhee polynomials of the first kind as
follows:
Ch(k)n (x) =
∫
Zp
· · ·
∫
Zp
(x1 + · · ·xk + x)ndµ−1(x1) . . . dµ−1(xk). (2.14)
By (2.14), we get
∞∑
n=0
Ch(k)n (x)
tn
n!
=
∫
Zp
· · ·
∫
Zp
(1+t)x1+···xk+xdµ−1(x1) . . . dµ−1(xk) =
(
2
2 + t
)k
(1+t)x.
(2.15)
From (2.4), we have(
2
2 + t
)k
(1 + t)x =
∞∑
n=0
(
n∑
m=0
(
n
m
)
(x)mCh
(k)
n−m
)
tn
n!
. (2.16)
By (2.15) and (2.16), we get
Ch(k)n (x) =
n∑
m=0
(
x
m
)
n!
(n−m)!
Ch
(k)
n−m =
n∑
m=0
(
x
n−m
)
n!
m!
Ch(k)m . (2.17)
From (2.14), we have
Ch(k)n (x) =
∫
Zp
· · ·
∫
Zp
(x1 + · · ·xk + x)ndµ−1(x1) . . . dµ−1(xk)
=
n∑
l=0
S1(n, l)E
(k)
l (x).
(2.18)
Therefore, by (2.18), we obtain the following corollary.
Corollary 2.4. For n ≥ 0, we have
Ch(k)n (x) =
n∑
l=0
S1(n, l)E
(k)
l (x).
In (2.15), by replacing t by et − 1, we get
∞∑
n=0
Ch(k)n (x)
(et − 1)n
n!
=
(
2
et + 1
)k
etx =
∞∑
m=0
E(k)m (x)
tm
m!
, (2.19)
and
∞∑
n=0
Ch(k)n (x)
1
n!
(et − 1)n =
∞∑
m=0
(
m∑
n=0
Ch(k)n (x)S2(m,n)
)
tm
m!
. (2.20)
Therefore, by (2.19) and (2.20), we obtain the following theorem.
Theorem 2.5. For m ≥ 0, we have
E(k)m (x) =
m∑
n=0
Ch(k)n (x)S2(m,n).
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The rising factorial is defined by
(x)(n) = x(x+ 1) · · · (x+ n− 1) = (−1)n(−x)n. (2.21)
Here, we define the Changhee numbers of the second kind with order k(∈ N) as
follows:
Ĉh
(k)
n =
∫
Zp
· · ·
∫
Zp
(−x1 − · · · − xk)ndµ−1(x1) . . . dµ−1(xk). (2.22)
Thus, by (2.22), we get
Ĉh
(k)
n =
n∑
l=0
(−1)lS1(n, l)
∫
Zp
· · ·
∫
Zp
(x1 + · · ·xk)
ldµ−1(x1) . . . dµ−1(xk)
=
n∑
l=0
(−1)lS1(n, l)E
(k)
l .
(2.23)
The generating function of Ĉh
(k)
n is given by
∞∑
n=0
Ĉh
(k)
n
tn
n!
=
∫
Zp
· · ·
∫
Zp
(1 + t)−x1−···−xkdµ−1(x1) . . . dµ−1(xk)
=
(
2
2 + t
)k
(1 + t)k.
(2.24)
Now, we observe that(
2
2 + t
)k
(1 + t)k =
∞∑
n=0
(
n∑
m=0
(
k
m
)
Ch
(k)
n−m
n!
(n−m)!
)
tn
n!
. (2.25)
Thus, by (2.24) and (2.25), we get
Ĉh
(k)
n =
n∑
m=0
m!
(
k
m
)(
n
m
)
Ch
(k)
n−m. (2.26)
Therefore, by (2.26), we obtain the following theorem.
Theorem 2.6. For n ≥ 0, we have
Ĉh
(k)
n =
n∑
m=0
m!
(
k
m
)(
n
m
)
Ch
(k)
n−m.
In (2.24), by replacing t by et − 1, we get
∞∑
n=0
Ĉh
(k)
n
(et − 1)n
n!
=
(
2
et + 1
)k
etk =
∞∑
m=0
E(k)m (k)
tm
m!
, (2.27)
and
∞∑
n=0
Ĉh
(k)
n
(et − 1)n
n!
=
∞∑
m=0
(
m∑
n=0
Ĉh
(k)
n S2(m,n)
)
tm
m!
. (2.28)
Therefore, by (2.27) and (2.28), we obtain the following theorem.
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Theorem 2.7. For m ≥ 0, we have
E(k)m (k) =
m∑
n=0
Ĉh
(k)
n S2(m,n).
Now, we consider the Changhee polynomials of the second kind with order k(∈ N)
as follows:
Ĉh
(k)
n (x) =
∫
Zp
· · ·
∫
Zp
(−x1 − · · · − xk + x)ndµ−1(x1) . . . dµ−1(xk). (2.29)
From (2.24) and (2.29), we have
∞∑
n=0
Ĉh
(k)
n (x)
tn
n!
=
∫
Zp
· · ·
∫
Zp
(1 + t)−x1−···−xk+xdµ−1(x1) . . . dµ−1(xk)
= (1 + t)x+k
(
2
2 + t
)k
.
(2.30)
We observe that(
2
2 + t
)k
(1 + t)x+k =
∞∑
n=0
(
n∑
m=0
m!
(
x
m
)(
n
m
)
Ch
(k)
n−m
)
tn
n!
. (2.31)
Thus, by (2.30) and (2.31), we obtain the following theorem.
Theorem 2.8. For m ≥ 0, we have
Ĉh
(k)
n (x) =
n∑
m=0
m!
(
x
m
)(
n
m
)
Ch
(k)
n−m.
From (2.29), we have
Ĉh
(k)
n (x) =
n∑
l=0
S1(n, l)(−1)
l
∫
Zp
· · ·
∫
Zp
(x1 + · · ·+ xk − x)
ldµ−1(x1) . . . dµ−1(xk)
=
n∑
l=0
S1(n, l)(−1)
lE
(k)
l (−x).
(2.32)
In (2.30), by replacing t by et − 1, we get
∞∑
n=0
Ĉh
(k)
n (x)
(et − 1)n
n!
= e(x+k)t
(
2
et + 1
)k
=
∞∑
m=0
E(k)m (x+ k)
tm
m!
, (2.33)
and
∞∑
n=0
Ĉh
(k)
n (x)
1
n!
(et − 1)n =
∞∑
m=0
(
m∑
n=0
Ĉh
(k)
n S2(m,n)
)
tm
m!
. (2.34)
Therefore, by (2.33) and (2.34), we obtain the following theorem.
Theorem 2.9. For m ≥ 0, we have
E(k)m (x+ k) =
m∑
n=0
Ĉh
(k)
n S2(m,n).
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Now, we observe that
(−1)n
Ĉh
(k)
n (x)
n!
= (−1)n
∫
Zp
· · ·
∫
Zp
(
−(x1 + · · ·+ xk) + x
n
)
dµ−1(x1) . . . dµ−1(xk)
=
∫
Zp
· · ·
∫
Zp
(
x1 + · · ·+ xk − x+ n− 1
n
)
dµ−1(x1) . . . dµ−1(xk)
=
n∑
m=0
(
n− 1
n−m
)∫
Zp
· · ·
∫
Zp
(
x1 + · · ·+ xk − x
m
)
dµ−1(x1) . . . dµ−1(xk)
=
n∑
m=0
(
n−1
n−m
)
m!
Ch(k)m (−x) =
n∑
m=1
(
n−1
n−m
)
m!
Ch(k)m (−x).
(2.35)
Therefore, by (2.35), we obtain the following theorem.
Theorem 2.10. For n ∈ N, we have
(−1)n
Ĉh
(k)
n (x)
n!
=
n∑
m=1
(
n−1
n−m
)
m!
Ch(k)m (−x).
By (2.14), we get
(−1)n
Ch
(k)
n (x)
n!
= (−1)n
∫
Zp
· · ·
∫
Zp
(
x1 + · · ·+ xk + x
n
)
dµ−1(x1) . . . dµ−1(xk)
=
∫
Zp
· · ·
∫
Zp
(
−x1 − x2 − · · · − xk − x+ n− 1
n
)
dµ−1(x1) . . . dµ−1(xk)
=
n∑
m=0
(
n−1
n−m
)
m!
Ĉh
(k)
m (−x) =
n∑
m=1
(
n−1
n−m
)
m!
Ĉh
(k)
m (−x).
(2.36)
Therefore, by (2.36), we obtain the following theorem.
Theorem 2.11. For n ∈ N, we have
(−1)n
Ĉh
(k)
n (x)
n!
=
n∑
m=1
(
n−1
n−m
)
m!
Ĉh
(k)
m (−x).
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